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TOPOLOGY 
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Abstract. Let R be a commutative ring with nonzero identity and M be an 
i?,-modulc. Quasi-prime submodules of M and the developed Zariski topology 
on qSpec(Af) are introduced. We also, investigate the relationship between the 
algebraic properties of M and the topological properties of gSpec(M). Modules 
whose developed Zariski topology is respectively To, irreducible or Noetherian 
are studied, and several characterizations of such modules are given. 



1. INTRODUCTION 

Prime submodules of modules were introduced as a generalization of prime ideals 
of rings by J. Dauns |Dau78j and several algebraists carried out an intensive and 
systematic study of the spectrum of prime submodules (e.g. |Lu84j . |MM92] . |Lu95j . 
|MMS97j . |MMS98j . [Lu59] . |MS02j . [Lu07j h Here, quasi-prime submodules of M 
as a generalization of prime submodules are introduced. We also, investigate the 
quasi-primeful modules and we apply them to develop of topological properties of 
<7Spec(M), where gSpec(M) is the set of all quasi-prime submodules of M. 

The Zariski topology on the spectrum of prime ideals of a ring is one of the main 
tools in Algebraic Geometry. In the literature, there arc many different generaliza- 
tio ns of t he Zariski topology of rings to modules (see [MMS97] . |BH08aj . |BH08bj . 
or |Lu99| ). In this paper, we are going study the developed Zariski topology as a 
generalization of the Zariski topology considered in |Lu99j . to qSpec(M) , where M 
is an i?-module. As is well known, the Zariski topology has been defined on the 
set of all prime submodules of a module. Here, we considered developed Zariski 
topology on the set of all quasi-prime submodules of a module. 

Throughout this paper, all rings are commutative with identity and all modules 
are unital. For a submodulc TV of an i?-module M, (N : R M) denotes the ideal 
{r e R | tM C N} and annihilator of M, denoted by Ann^(M), is the ideal 
(0 M). M is called faithful if Ann(M) = (0). If there is no ambiguity we write 
(N : M) (resp. Ann(M)) instead of (N : R M) (resp. Axm R (M)). A proper ideal 
7 of a ring R is said to be quasi-prime if for each pair of ideals A and B of R, 
A n B C I yields either A C I or B C I (see |Azi08j . |Bou72j and [HRR02] ). It is 
easy to see that every prime ideal is a quasi-prime ideal. Also, every quasi-prime 
ideal is irreducible (an ideal I of a commutative ring R is said to be irreducible if 
I is not the intersection of two ideals of R that properly contain it). 
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A submodule TV of an i?-module M is said to be prime if TV ^ M and whenever 
rm £ TV (where r £ R and m £ M), then r £ (TV : M) or m £ TV. If N is prime, 
then the ideal p = (TV : M) is a prime ideal of R. In this circumstances, TV is said to 
be p -prime (see |Lu8 4 ). A submodule Q of an i?-module M is said to be primary 
if Q 7^ M and if rm £ Q, where r £ R and m £ M implies that either m £ Q 
or r £ q = J (Q : M). If Q is primary, then (Q : M) is a primary ideal of R. In 
this case we say that Q is q-primary, where q = yj (Q : M) is a prime ideal of R. 
The set of all prime submodules of an i?-module M is called the prime spectrum of 
M and denoted by Spec(M). Similarly, the collection of all p-prime submodules of 
an R- module M is designated by Spec p (M) for any p £ Spec(-R). We remark that 
Spec(O) = and that Spec(M) may be empty for some nonzero module M. For 
example, the Z(p°°) as a Z- module has no prime submodule for any prime integer 
p (see [Lu95 ). Such a module is said to be primeless. 

An i?-module M is called primeful if either M — (0) or M ^ (0) and the map 
$ : Spec(M) -> Spec(i?/Ann(M)) defined by $(P) = (P : M) / Ann(M) for every 
P £ Spec(M), is surjective (see |Lu07j ). The set of all maximal submodules of an 
R- module M is denoted by Max(M). The Jacobson radical Rad(Af) of a module 
M is the intersection of all its maximal submodules. Rad(M) = M when M has 
no any maximal submodule. By N < M we mean that TV is a submodule of M. 
Let p be a prime ideal of R, and N < M. By the saturation of N with respect to p, 
we mean the contraction of N p in M and designate it by S v (N) and we say TV is 
saturated with respect to p if Sp(N) = TV (see |Lu03j ). 

An i?-module M is called a multiplication module if every submodule TV of M 
is of the form IM for some ideal I of R. For any submodule TV of an ii-module M 
we define V M (N) to be the set of all prime submodules of M containing TV. The 
radical of TV defined to be the intersection of all prime submodules of M containing 
TV and denoted by radAf(TV) or briefly rad(TV). rad^/ (TV) = M when M has no any 
prime submodule containing TV. In particular, rad(0^/) is the intersection of all 
prime submodules of M. If V M (N) has at least one minimal member with respect 
to the inclusion, then every minimal member in this form is called a minimal prime 
submodule of TV or a prime submodule minimal over TV. A minimal prime submodule 
of (0) is called minimal prime submodule of M. A quasi-prime submodule TV of an 
i?-module M is called minimal quasi-prime if, for any quasi-prime K of M such that 
K C TV, this is the case that K = TV. An i?-module M is said to be semiprimitive 
(resp. reduced) if the intersection of all maximal (resp. prime) submodules of M 
is equal to zero. A submodule TV of an i?-module M is said quasi- semiprime if it is 
an intersection of quasi-prime submodules. We recall that an i?-module M is co- 
semisimple in case every submodule of M is the intersection of maximal submodules 
(see |AF92[ p. 122]). Every proper submodule of a co-semisimple module is a quasi- 
semiprime submodule. 

In Section 2, we obtain some properties of quasi-prime submodules. In this 
section the relations between quasi-prime submodules of a module M and quasi- 
prime submodules of localizations of M are studied. We also investigate the quasi- 
primeful modules and we apply them to develop topological properties of gSpec(M). 
We show in Theorem 12.141 that an i?-module M is quasi-primeful whenever R is 
a PID and M is finitely generated, or R is Laskerian and M is a locally free R- 
module. We study some main properties of quasi-primeful modules in Proposition 
12.161 and also the quasi-prime-embedding modules are studied in Theorem 12.241 It 
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is shown that an i?-modulc M is top in the cases R is a one dimensional Noetherian 
domain and either M is weak multiplication or for every prime ideal p G Spec(i?), 
|Spec p (M)| < 1 and 5(g)(0) C rad(0). In Section 3, we introduce a topology on 
the set of quasi-prime submodules in such a way that the Zariski topology (see 
|Lu99j ) is a subspace of this topology and some concerned properties are given. 
An R- module whose developed Zariski topology is To, irreducible or Noetherian is 
studied in Section 3. 

2. SOME PROPERTIES OF QUASI PRIME SUBMODULES 

In this section we introduce the notion of quasi-prime submodule and find some 
properties of it. We also introduce the notions of quasi-primeful and quasi-prime- 
embedding modules and we use them in the next section. 

Definition 2.1. A proper submodule N of an i?-module M is called quasi-prime 
if (N :ii M) is a quasi-prime ideal of R. 

We define the quasi-prime spectrum of an i?-module M to be the set of all quasi- 
prime submodules of M and denote it by qS~pec R (M). If there is no ambiguity we 
write only gSpec(M) instead of gSpec i? (M). For any I G qSpec(i?), the collection of 
all quasi-prime submodules N of M with (N : M) = I is designated by qSpeCj(M). 
We say that R is a serial ring if the set of all ideals of R is linearly ordered. Recall 
that a ring R is said to be arithmetical, if for any maximal ideal p of R, R p is a 
serial ring (see | Jen66j ) . Recall that a module M is said to be a Laskerian module, 
if every proper submodule of M has a primary decomposition. We know that every 
Noetherian module is Laskerian. 

Remark 2.2. (See |Azi08j . [HRR02] and |Jen66j ) Let / be an ideal in a ring R 
and S be a multiplicatively closed subset of R. Then 

(1) If J is quasi-prime, then / is irreducible; 

(2) If R is a Laskerian ring, then every quasi-prime ideal is a primary ideal; 

(3) If I is a prime ideal, then / is quasi-prime; 

(4) Every proper ideal of a serial ring is quasi-prime; 

(5) If IRs is a quasi-prime ideal of Rs, then IRs f~l R is a quasi-prime ideal of 
R; 

(6) If / is a quasi-prime and primary ideal of R such that / n 5 = 0, then IRs 
is a quasi-prime ideal of Rs; 

(7) If R is an arithmetical ring, / is irreducible if and only if / is quasi-prime; 

(8) In an arithmetical ring R any primary ideal is irreducible; 

(9) If R is a Dedckind domain, then / is quasi-prime if and only if / is a primary 
ideal. 

Remark 2.3. Let M be an i?-modulc. 

(1) By |Lu84[ Proposition 4], every maximal submodule of an i?-module M is 
prime and by Remark 12.21 every prime submodule of M is a quasi-prime 
submodule. Therefore, Max(M) C Spec(M) C gSpec(M). So, qSpec(M) ^ 
if M is not primeless. 

(2) Consider M = Z © Z as a Z-module and N — (2,0)Z is the submodule 
of M generated by (2,0) G M. Then (N : M) = (0) G Spec(Z), i.e., 
N G qSpec(M) though N is not a (O)-prime submodule of M. Thus in 
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general, a quasi-prime sub-module need not be a prime submodule, i.e., 
Spec(M) qSpcc(M). 
(3) As another example, we consider the faithful torsion Z-module M = ® Z/pZ, 
where p runs through the set of all prime integers. Let TV = (0) and p = (0). 
Then (TV : M) = (0 : M) = Ann(M) = (0). Hence, TV £ gSpec(M). How- 
ever, TV is not a prime submodule by |Lu03[ Result 2], because S P (N) = 
5 (0) (0) = M. 

An i?-module M is called a fully prime module if every proper submodule is a 
prime submodule. In [BKK04[ Proposition 1.10], the authors give several equiv- 
alent conditions for an i?-module M to be fully prime, for example, M is a fully 
prime i?-module if and only if Ann(-M) is a maximal ideal, i.e., if and only if M 
is a homogeneous semisimple module (i.e., a direct sum of isomorphic simple R- 
modules). 

Lemma 2.4. Let J £ qSpec(R), p £ Spec(i?), I be a proper ideal of R and M be 
an R-module with submodule TV. Let S be a multiplicatively closed subset of R. 

(1) If N E qSpeCj(M), then (TV : M)M € gSpe Cj (M); 

(2) If {./V^IasA is a family of quasi-prime submodules with (N\ : M) — J for 
each A £ A, then r\\ e \N\ e qSpecj (M ) ; 

(3) If M is a fully prime module, then every proper submodule of M is quasi- 
prime. In particular, every proper subspace of a vector space over a field is 
quasi-prime; 

(4) If R is a serial ring, then every proper submodule of M is quasi-prime; 

(5) Let N be a quasi-prime submodule of the Rs -module Ms- Then NnM is a 
quasi-prime submodule of M . So, {Nf)M \ N £ gSpec(Ms)} C gSpec(M); 

(6) Let R be Laskerian and M be a finitely generated R-module. If N is a quasi- 
prime submodule of M and \J [N : M) PI 5 = 0, then N$ is a quasi-prime 
submodule of Ms; 

(7) Let R be an arithmetical ring. Then every primary submodule of M is 
quasi-prime; 

(8) Let R be an arithmetical ring. If p £ V R (I), then Sp(I) is a quasi-prime 
ideal of R. Moreover, if R is Laskerian, then S P (I) is primary and p is a 
minimal prime ideal over I; 

(9) Let R be an arithmetical ring. Let N be a submodule of M and p £ 
Supp{M/N). Then S P (N) is a quasi-prime submodule of M . Therefore, 
every proper saturated submodule N w.r.t p, is a quasi-prime submodule of 
M; 

(10) Let R be an arithmetical ring and let M be a finitely generated R-module. 
If N is a quasi-prime submodule of M and p £ V R (N : M), then Np is a 
quasi-prime submodule of M p . 

Proof. (l)-(3) are clear. 

(4) Every proper ideal of R is quasi-prime by Remark 12.21 

(5) One can obtain that ((N n M) : R M) = (N : Rs M s ) n R. Now, let 
I := (N : Rs M s ) fl R. Then IR S = (N : Rs M s ) is a quasi-prime ideal of 
Rs by assumption. By Remark l2.2[ I is a quasi-prime ideal of R so, Nl~)M 
is a quasi-prime submodule of M. 

(6) By assumption, (TV : R M) is a quasi-prime ideal and since R is Laskerian, 
(N : R M) is primary. By Remark l2~2l and [Nor68, p. 152, Proposition 8], 
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(Ns -r s Ms) = (N :r M)Rs is a quasi-prime ideal of Rs- So, Ns is a 
quasi-prime submodule of Ms- 

(7) Let N be a primary submodule of M . Then (N :r M) is a primary ideal 
of R, so is quasi-prime by Remark 12.21 Hence, N £ gSpec(M). 

(8) IRp is a proper ideal of R p . But i? p is a serial ring. Thus by Remark 12.21 
IRp is a quasi-prime ideal of R p and therefore S p (I) — IRp (1 i? is quasi- 
prime by Remark 12.21 If i? is Laskerian, then by Remark 12.21 S p (I) is 
primary. Let q be a prime ideal of R such that J C q C p. Then 

S P (I) C 5 p (q) C S p (p). 

By definition, S p (q) = q and S p (p) = p. Since 5 P (7) is a p-primary ideal of 
R, we have 

p = Jsplj) c c y^P) = P. 

Therefore, q = p and p is minimal prime ideal over I. 

(9) Since p £ Supp(M/N), N p ^ M p . By assumption i? p is a serial ring. By 
part Q, A^ p is a quasi-prime submodule of M p . By part (JSJ, S V (N) = 
A^p n M is a quasi-prime submodule of M. The last assertion follows from 
[Lu03l Result 2]. 

(10) We have (N p : M p ) = (N : M) p C pi? p and i? p is a serial ring. So, iV p is a 
quasi-prime submodule of M p . 

□ 

It is shown in |Azi03| Proposition 2.1] that R is a field if every proper submodule 
of M is a prime submodule of M and SVo) (0) 7^ M. In the following, we give an 
example that shows it is not the case for any quasi-prime submodule. 

Example 2.5. (1) Every proper submodule of the Z-module M = Z(p°°) is a 
quasi-prime submodule, in which p is a prime integer. For, (L :z M) = (0) where 
L is a submodule of M (see |Lu951 p. 3745]). 

(2) Let R be an integral domain which is not a field and K be the field of 
quotients of R. Then every proper submodule of if is a quasi-prime submodule. 
Since xK = K for every nonzero element x G R, (N : K) = (0) for every proper 
submodule of K. 

Theorem 2.6. Let M be a finitely generated R-module and let I be a primary quasi- 
prime ideal of R. If S is a multiplicatively closed subset of R such that I l~l S = 0, 
then the map N 1— > A^g is a surjection from qSpeC/(M) to qSpec IRs (AIs). 

Proof. Let A^ £ qSpec / (M). Since M is finitely generated and I n S = we have 
7i? s = (AT Af)i? s = (N s : Rs M s ) ^ R s . By Remark O IRs is a quasi-prime 
ideal of Therefore, As is a quasi-prime submodule of Ms- Let L be a quasi- 
prime submodule of Ms with (L :r s Ms) = IRs- By Lemma [2.4[ f5j). L n M is a 
quasi-prime submodule of M. Moreover, using that / is primary we have 

I = IRs C\ R = (L : Rs M s ) nR=((Lr\ M) : R M). 

So, L PI M is a quasi-prime submodule of M. □ 

Corollary 2.7. Lei M be a finitely generated R-module and p £ Spec(i?). 

(1) Let I be a p-primary quasi-prime ideal of R. Then the map N t— > N p is a 
surjection from qSpec j (M) to qSpec IR (M p ). 
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(2) The map N H> N v is a surjection from qSpec v (M) to qSpec pRf (Mp) = 
Spec pKp (M p ). 

(3) Let N be a quasi-prime submodule of M with (N : M) = p. Then Sp(N) 
is a prime submodule minimal over N and any other p -prime submodule of 
M containing N , must contain Sp(N). 

Proof. (1) and (2) follows from Theorem 12.61 For establish (3), note that by 
part (2), N p is a pR p -prime submodule of M p and by |Lu95[ Proposition 1], 
Sp(N) — Np n M is a p-prime submodule of M. Now the results follows from 
[Eu03l Result 3]. □ 

Definition 2.8. Let M be an i?-module. For a submodule N of M we define 
D M (N) = {L e gSpec(M) | (L : M) D (N : M)}, 
fl M (N) = {L e qSpec(M) \L^N}. 

If there is no ambiguity we write D(N) (resp. Q(N)) instead of D M (N) (resp. 

n M (N)). 

Lemma 2.9. Let M be an R-module with qSpcc(M) = 0. Then pM = M for every 
maximal ideal p of R. On the other hand, if IM = M for every I £ D R (Ann(M)), 
then qSpec(M) = 0. 

Definition 2.10. When gSpec(M) ^ 0, the map ip : qSpec(M) qSpec(i?/Ann(M)) 
defined by ip(L) = (L : M) /Ann(M) for every L G gSpec(M), will be called the nat- 
ural map of qSpec(M). An i?-module M is called quasi- primeful if either M = (0) 
orM/ (0) and has a surjective natural map. 

Example 2.11. Let S := <jSpec(Z)\{(0)}. Consider the Z-modulc M = /eS Z/J. 
We will show that M is a quasi-primeful Z-module. Note that (0 : M ) = Ann(M) = 
(0). So, (0) € qSpec^Q) (M). On the other hand, for each nonzero quasi-prime ideal 
/ of Z, we have (IM : M) = I £ gSpcc(Z). This implies that IM £ qSpeCj(M), 
We conclude that M is a quasi-primeful Z-module. 

Let Y be a subset of qSpec(M) for an i?-module M. We will denote the inter- 
section of all elements in Y by 9(^0. 

Proposition 2.12. Let F be a free R-module and I be a quasi-prime ideal of R. 
Then 

(1) IF is a quasi-prime submodule, i.e., F is quasi-primeful; 

(2) IF = 3(gSpec 7 (F)); 

(3) If F has primary decomposition for submodules, then I is primary. 

Proof. (1) Since F is free we have I = (IF : F), so that IF is a quasi-prime 
submodule. (2) This is clear by (1). For (3), Let H" =1 Qi be a primary decomposition 
of IF, where each Qi is a p^-primary submodule of F. Then I = (IF : F) = 
(lf =1 (Qi : F). Since I is quasi-prime, I = (Qj : F) for some 1 < j < n. Hence, / is 
primary since Qj is a primary submodule. □ 

Lemma 2.13. Let M , Mi, M2 be R-modules such that M — M\ © M2 and I £ 
D R (Ann(M)). If N £ gSpec J (M 1 ) (resp. N £ qSpe Cl (M 2 )), then N © M 2 £ 
qSpeCj(M) (resp. Mi © N £ qSpeCj(M)). In particular, every direct sum of a 
finite number of quasi-primeful R-modules is quasi-primeful over R. 
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Proof. This is straightforward and we omit it. □ 

Theorem 2.14. Let M be an R-module. Then M is quasi-primeful in each of the 
following cases: 

(1) R is PID and M is finitely generated; 

(2) R is Dedekind domain and M is faithfully flat; 

(3) R is Laskerian and M is locally free. 

Proof. (1) Let TV be a cyclic submodule of M and I G D R (Ann(N)). Then N = 
i?/Ann(m) for some m £ N and (I / Ann(N) : N) = I. Hence, N is quasi-primeful. 
It is well-known that a finitely generated module over a PID is finite direct sum 
of cyclic submodules. Hence, in the light of Lemma T2.131 M is quasi-primeful. (2) 
Let J G gSpec(i?). Since M is faithfully fiat, JM ^ M and by Remark [221 J is 
primary. So, JM is a primary submodule by [Lu84 ( Theorem 3], and {JM : M) = J 
is a quasi-prime ideal of R, i.e., JM is quasi-prime. (3) Let I £ D(Ann(M)). Since 
R is Laskerian, p := vJ is a prime ideal of R and IR P is a quasi-prime ideal of 
R p by Remark I2.2f 6). Since M p is a free -Rp-module, there exists a quasi-prime 
submodule N of M p such that (N : Rp M p ) = IR p by Proposition l?T2l Now, 
(N n M : M) = IR p n R = I by Lemma H20 This implies that M is quasi- 
primeful. □ 

We note that not every quasi-primeful module is finitely generated. For example, 
every (finite or infinite dimensional) vector space is quasi-primeful. 

Remark 2.15. (See |EBS881 Theorem 3.1]) Let M be a faithful multiplication 
module over R. Then M is finitely generated if and only if mM ^ M for every 
maximal ideal m of R. 

Proposition 2.16. Let M be a nonzero quasi-primeful R-module. 

(1) Let I be a radical ideal of R. Then (IM : M) = I if and only if Ann(M) C 

I; 

(2) pM £ gSpec(M) for every p £ V(Ann(Af)); 

(3) pM £ Spec p (M) for every p £ V(Ann(M)) n Max(i?); 

(4) If dim(R) — 0, then M is primeful; 

(5) If M is multiplication, then M is finitely generated. 

Proof. (1) The necessity is clear. For sufficiency, we note that Ann(M) C I = flj -pi, 
where pi runs through V R (I) since I is a radical ideal. On the other hand, M is 
quasi-primeful and pi £ D(Aim(M)) so, there exists a quasi-prime submodule Li 
such that (Li : M) — pi. Now, we obtain that 

/ C (IM : M) = ((Hi Pi)M : M) C (p,M : M) C n 4 (L t : M) = n, p, = /. 

Thus (IM : M) = I. (2) and (3) follows from part (1). For (4), let p G 
V R (Ann(M)). Then by part (3), pM ^ M and by [Lu07l Result 3] z M is primeful. 
(5) Since M is a faithful multiplication module over i?/Ann(M) = R and mM ^ M 
for every m £ Max(R) by (3), M is finitely generated over R by Remark l2.15l Hence, 
M is finitely generated over R. □ 

Corollary 2.17. Let M be an R-module. 

(1) Let M be a quasi-primeful R-module. If I is an ideal of R contained in the 
Jacobson radical Rad(i?) such that IM = M , then M = (0). 
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(2) Let R be a PID and M be torsion-free. Then M is quasi-primeful if pM ^ 
M for every irreducible element p £ R. 

(3) If M is faithful quasi-primeful, then M is flat if and only if M is faithfully 
flat. 

(4) If M is projective and R is Laskerian, then M is quasi-primeful. 

Proof. (1) Suppose that M ^ (0). Then Ann(M) ^ R. If m is any maximal 
ideal containing Ann(M), then / C Rad(i?) C m and IM = M = mM whence 
(mM : M) = R ^= m, a contradiction to Proposition ^. 161 (2) If for every irreducible 
element p G R, pM ^ M, then M is faithfully flat and by Theorem l2~T4l M is quasi- 
primeful. (3) The sufficiency is clear. Suppose that M is flat. By Proposition ^. 161 
for every p G Max(i?) C D(0), pM ^ M. This implies that M is faithfully flat. 
(4) Since every projective module is locally free, by Theorem 12.141 M is quasi- 
primeful. □ 

Example 2.18. The Z-module Q is a flat and faithful, but not faithfully flat. So, 
Q is not quasi-primeful. 

We give an elementary example of a module which is not quasi-primeful. If R 
is a domain, then an i?-module M is divisible if M = rM for all nonzero elements 
r £ R. We note that every injective module is divisible. 

Proposition 2.19. Let R be a domain which is not a field. Then every nonzero 
divisible R-module is not quasi-primeful. 

Proof. By assumption Ann(M) = (0) and there exists a nonzero prime ideal p of 
R. Hence p € V R (Ann(M)) and pM = M. Therefore, M is not quasi-primeful by 
Proposition [Hi □ 

Proposition 2.20. Let R be a domain over which every module is quasi-primeful. 
Then R is a field. 

Proof. Suppose that R is not a field. Then its field K of quotients is a nonzero 
divisible i?-module. Hence, K is not quasi-primeful over R by Proposition 12.191 
which is a contradiction to the definition of R. □ 

An i?-modulc M is called weak multiplication if Spec(M) = or for every prime 
submodule JV of M, we have N = IM, where / is an ideal of R. One can easily 
show that if M is a weak multiplication module, then N — (N : M)M for every 
prime submodule N of M f |AS95j and |Azi03j ). As is seen in [AS95] . Q is a weak 
multiplication Z-module which is not a multiplication module. 

Definition 2.21. An i?-modulc M is called quasi- prime- embedding, if the natural 
map tp : gSpec(M) — > gSpec(i?/Ann(M)) is injective. 

We will show that every cyclic module is quasi-prime-embedding fCorollary |2.23|) . 
Thus any ring R as i?-module is quasi-prime-embedding. 

Proposition 2.22. The following statements are equivalent for any R-module M : 

(1) M is quasi-prime- embedding; 

(2) If D(L) = D(N), then L = N, for any L,N e gSpec(M); 

(3) |?SpeCj(M)| < 1 for every I G gSpec(i?). 
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Proof. (1) =*► (2) Let D{L) = D{N). Then (L : M) = (N : M). Now by (1), 
L = N. (2) => (3) Suppose that L,N € <jSpec J (M) for some I <E qSpec(R). Hence 
(L : M) = (N : M) = I and so, D(L) = D(N). Thus, L = N by (2). (3) =>> (1) 
Let / := ip(L) = ip(N). Then I = (L : M) = (N : M). By (3), L — N, and so V is 
injective. □ 

Corollary 2.23. Consider the following statements for an R-module M : 

(1) M is multiplication; 

(2) M is quasi-prime- embedding; 

(3) M is weak multiplication; 

(4) |SpeCp(Af)| < 1 for every prime ideal p of R; 

(5) M/pM is cyclic for every maximal ideal p of R. 

Then (1) (2) (3) (4) (5). Further, if M is finitely generated, then 
(5)^(1). 

Proo/. (1) ^ (2) Let D(JV) = D(L) for N, L <E qSpec(M). Then (JV : M) = 
(L : M) and since M is multiplication, N = L. Therefore, (2) follows from Propo- 
sition 12.221 (2) => (3) Let F be a p-prime submodule of M. By Lemma 12.41 
(P : M)M £ gSpec p (M). Combining this fact with Proposition 12. 22[ we obtain 
that P = (P : M)M. This yields M is weak multiplication. (3) (4) The case 
SpeCp(Af) = is trivially true. Let P, Q e Spec p (M) for some prime ideal p of 
R. Then (P : M) = (Q : M). Therefore P = (P : M )M = (Q : M)M = Q. The 
(4) => (5) and last statement is true due to [MMS971 Theorem 3.5]. □ 

An i?-module M is called locally cyclic if M v is a cyclic module over the local 
ring Rp for every prime ideal p of R. Multiplication modules are locally cyclic (see 
jEBS88| Theorem 2.2]). 

Theorem 2.24. Let M be an R-module and let S be a multiplicatively closed subset 
ofR. 

(1) If M is Laskerian quasi- prime- embedding, then every quasi-prime submod- 
ule of M is primary (see |Azi08 , Theorem 2.1],). 

(2) Let R be a serial ring. Then M is multiplication if and only if M is quasi- 
prime- embedding. 

(3) If M is quasi-prime- embedding, then S^ 1 M is also a quasi-prime- embedding 
S~ 1 R-module. 

(4) If M is free, Then M is quasi-prime- embedding if and only if M is cyclic. 

(5) If M is projective quasi-prime- embedding, then M is locally cyclic. 

(6) If R is an arithmetical ring and M is quasi-prime- embedding, then M is 
locally cyclic. 

(7) Let R be a semi-local arithmetical ring. Then M is cyclic if and only if M 
is quasi- prime- embedding. 

(8) A finitely generated module M is locally cyclic if and only if M is multipli- 
cation if and only if M is quasi-prime- embedding. 

(9) Let R be a Dedekind domain and M be a non-faithful quasi-prime- embedding 
R-module. Then M is cyclic. 
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Proof. (1) Let P be a quasi-prime submodule of M and Hl^i be a primary 
decomposition for P. Since P is quasi-prime, 

(Nj : M) C (P : AT) = f](JVi : M) C (JV^ : M) 

i=l 

for some 1 < j < m. Hence, iVj is a quasi-prime submodule and by Proposition l2.22[ 
P = N j . 

(2) The necessity follows from Coroilarv l2.231 Let iV be a proper submodule of Af . 
By Lemma [2.41 N and (N : M)M are quasi-prime submodules of M. Therefore, 
N = (N : M)M by Proposition |2~2"21 and so Af is multiplication. 

(3) Use Lemma \2. 41 and Proposition ^. 221 

(4) If M is cyclic, then M is quasi-prime-embedding by Corollarv l2.23l We assume 
that M is quasi-prime-embedding and M is not cyclic. Hence, M = (Bi^iR, where 
|f| > 1. Let p £ qSpec(R) and a, (3 be two distinct elements of I. It is easy to see 
that 

N = p® (® ie /P) and L = p®(® 4e /P) 

are two distinct quasi-prime submodules of Af with (N : Af ) = (L : M) = p. By 
Proposition ^. 221 N — L, a contradiction. 

(5) Let p £ Spec(P). Then by ([3]), M p is quasi-prime-embedding. On the other 
hand, M p is a free P p -module. Hence, M p is a cyclic P p -module by 

(6) For each p £ Spec(P) , Rp is a serial ring by }Jen661 Theorem 1] , and M p is quasi- 
prime-embedding by ([3]). By (J2J), M p is a multiplication P p -module. Therefore, M p 
is cyclic, since P p is a quasi-local ring. 

(7) Let mi,-- - ,mf be all maximal ideals of R. By ((6]), M mi is a cyclic R mi - 
module for each i. Hence, M is cyclic by |Bar81[ Lemma 3]. Other side is true by 
Corollar y [223 

(8) Use |Bar81[ Proposition 5] and Corollary 

(9) By assumption there exist only finitely many prime (maximal) ideal containing 
Ann(A/). So, by ©, and |Bar81[ Lemma 3], M is cyclic. □ 

A submodule S of an P-module M will be called semiprime if S is an intersection 
of prime submodules. A prime submodule K of M is said to be extraordinary 
if whenever N and L are semiprime submodules of M with N n L C K, then 
N C K or L C K. An P-modulc M is said to be a iop module if every prime 
submodule of Af is extraordinary. Every multiplication or locally cyclic module is 
a top module (see MMS97 ). Corollary 12 .231 and Theorem 12. 241 are very interesting 
for us, because there is a close relationship between those and top modules. We 
find the relations between parts (l)-(4) of Corollary 12.231 and top modules. By 
MMS97| Theorem 3.5], every multiplication module is top. So we consider part 
(2) of Corollary 12.231 By Theorem 12.241 every projective quasi-prime-embedding 
module and every quasi-prime-embedding module over arithmetical ring is locally 
cyclic, so is top due to MMS97, Theo rem 4.11. In the next theorem we will show 
the relationship between part (3) and part (4) of Corollarv l2.23l and top modules. 

Theorem 2.25. Let R be a one dimensional Noetherian domain and let M be a 
nonzero R-module. Then M is a top module in each of the following cases: 

(1) M is weak multiplication. 

(2) For every prime ideal p £ Spec(P), |Spec p (Ai)| < 1 and 5( )(0) C rad(O). 
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Proof. (1) Let P be a p-prime submodule of M and let N and L be non-zero 
semiprime submodules of M such that N n L C P. It is enough to show 
that N C P or L C P. If (JV : M) or (£ : M) g (P : M), then L C P 
or TV C P by |Lu891 Lemma 2]. Hence, we consider just the case that 
(L : M) C (P : M) and (N : M) C (P : M). Now, we are going to show 
that if N £ P, then L C P. For that, choose a; € AT\P. So, x <£ L. If 
(L : x) = (0), then x + L # S {0 )(O m /l), so 5 (0) (0 M/i ) ^ M/L. Since M 
is weak multiplication, it follows that M/L is also a weak multiplication 
module. But every weak multiplication module over an integral domain is 
either torsion or torsion-free (see |Azi031 Proposition 3]). Hence M/L is a 
torsion-free P-module. 

On the other hand, we have (L : M) C [L : x) = (0). Thus L € Spec (0) M 
by |Lu84| Theorem 1]. Therefore L = (0)M = (0) C P as desired. Now let 
(L : x) (0) and L = f]^ e ^Px, where P\ are pA-prinie submodules of M 
for each AeA. By assumption P\ — p\M. This implies that 

{L : x) = ( P| p A A/ : x) = f| (p A M : x). 

AeA AeA 

Suppose that A' be a subset of A such that for each A £ A', x $ p\M. Since 
x g L, hence A' ^ 0. Now by |MS02| Lemma 2.12] and since dim(P) = 1, 

(0) ^{L:x)= p| (p A M : s) = f| p A C (P : M). 

AeA' AeA' 

Therefore, (L : x) is a nonzero ideal of P, and so it is contained in only 
finitely many prime ideal by [AM69, Proposition 9.1]. Thus, A' is a finite 
set. It follows that there exists q G A' such that q C p. This yields 
L C pM = P as desired. 
(2) If S(o)(0) = M, then rad(O) = M, i.e., Spec(M) = 0, and so we are done. 
Therefore, we assume that StQ) (0) M. In this case 5(0) (0) is a (O)-prime 
submodule of M by |Lu03[ Lemma 4.5]. We are going to show that every 
prime submodule of M is extraordinary. Let P be a prime submodule of 
M and let and L be two nonzero semiprime submodules of M such that 
NP\L C P. In view of above arguments we take x £ N\P. If (L : x) = (0), 
then (L : M) = (0) and by [Lu03l Result 1], 

5 (0 )(Om/l) = 5 (0) (0)/L C rad(0)/L - (0). 

Therefore, M/L is a torsion-free P-module and L is a (O)-prime submodule 
of M by |Lu84[ Theorem 1]. By assumption of this part, L = 5(o)(0) C 
rad(O) C P. Let [L : x) ^ (0) and let {P A } A eA be a collection of p A -prime 
submodules of M such that L — H A eA P*- ^ Pfe = (0) f° r some k € A, then 
(P fc : M) = (5( ) (0) : M) = (0). Hence, L C P fe = 5 (0) (0) C rad(O) C P. 
Therefore, we may assume that p A ^ (0) for each A G A. Since dim(P) = 1, 
we have p A = (p A M : M) = (P A : M). Therefore, p A M is a p A -prime 
submodule of M by |Lu84|, Proposition 2]. By assumption of this part, 
P\ = P\M. This implies that 



{L : x) = ( p| p A A/ : a) = f| (p A M : x). 

\eA AeA 
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Suppose that A' be a subset of A such that for each A € A', x $ p\M. Since 
x g L, hence A' ^ 0. Now, from the IMS021 Lemma 2.12], we have, 

(0) ^ (L : x) = p| [p\M :x)= f| Pa C (P : M). 

AeA' AeA' 

By |AM69[ Proposition 9.1], (L : n) is contained in finitely many prime 
ideal, i.e., A' is finite. So, there exists some AeA' such that p\ C (P -. M). 
Therefore, LCP. 

□ 

The next example shows that Part (1) of Theorem l2.25l is different from Part (2). 

Example 2.26. Consider the Z-module M = Z(p°°) © Z. It is easy to see that 
for every prime ideal p € Spec(Z), |Spec p (M)| < 1 and 5 , ( )(0) = rad(O). By 
Theorem 12.251 M is a top module. We note that M is not weak multiplication. 

3. SOME TOPOLOGICAL PROPERTIES OF gSpec(M) 

Let M be an i?-module. Then for submodules N, L and Ni of M we have 

(1) D(0) = gSpec(M) and D(M) = 0, 

(2) r\ ieI D(N i )=D(J2 ieI (N i :M)M), 

(3) D(N) U D{L) = D(N n L). 
Now, we put 

C(M) = {D{N) | N < M}. 
From (1), (2) and (3) above, it is evident that for any module M there exists a 
topology, r say, on gSpec(M) having ((M) as the family of all closed sets. The 
topology t is called the developed Zariski topology on qSpec(M). For the reminder 
of this paper, for every ideal I G £>(Ann(M)), R and / will denote respectively 
R/Ann(M) and //Ann(M). Let Y be a subset of gSpec(M) for an i?-module M. 
We will denote the intersection of all elements in Y by ^s(Y) and the closure of Y 
in gSpec(M) with respect to the developed Zariski topology by CliY). The proof 
of next lemma is easy. 

Lemma 3.1. Let I be a proper ideal of R and M be an R-module with submodules 
N and L. Then we have 

(1) If (N : M) = (L : M), then D(N) = D(L). The converse is also true if 
both N and L are quasi-prime submodules of M ; 

(2) D{N) = \J IeD a (N:M) qSpecj(M); 

(3) D(N) = D((N : M)M) = fl M ((N : M)M); 

(4) Let Y be a subset ofqSpec(M). Then Y C D(N) if and only if (N : M) C 
(3(F) : M). 

Proposition 3.2. Let M be an R-module andip : qSpec(M) — > qSpcc(i?/Ann(M)) 
be the natural map. 

(1) The natural map ip is continuous with respect to the developed Zariski topol- 
ogy- 

(2) // M is quasi- primeful, then ip is both closed and open; more precisely, for 
every submodule N of M , i/j(D ai (N)) = D S ((iV : M)) and ^(<?Spec(M) - 
D M {N)) = qSpec{R) - D~R((N : M)). 

(3) ij) is bijective if and only if it is a homeomorphism. 
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Proof. (1) Let I be an ideal of R containing Ann(Af) and let L £ ip 1 (D R (I)). 
There exists some J € D R {I) such that ip(L) = J. Hence, J = (L : M) D I 
and L G D M {IM). Now, let K G D M {IM). Then (if : M) D (iM : M) D 
I, and so K G ij)- x {D R (I)), Consequently, ^{D^I)) = D M (IM), i.e., V is 
continuous. (2) By part (1), V is a continuous map such that i/j (D R (I)) = 
D M (IM) for every ideal I of i? containing Ann(M). Hence, for every submodule 
N of M, t/> ~ 1 (D R ((WTW)) ) = D M ((iV : M)M) = D M (N). Since the natural map 
ijj is surjective, ?P(D M (N)) = i/joip- 1 (D R ~((N : M))) = D R ((N : M)). Similarly, 
^(gSpec(M) - D M {N)) = qSpec{R) - D R ({N : M)). (3) This follows from (1) and 
(2). □ 

Theorem 3.3. Let M be a quasi-primeful R-module. Then the following statements 
are equivalent: 

(1) qSpec(M) is connected; 

(2) qSpec(-R) is connected; 

(3) The ring R contains no idempotent other than and 1. 

Consequently, if R is a quasi-local ring, then both qSpec(M) and qSpec(R) are 
connected. 

Proof. (1) =>■ (2) follows from that ip is a surjective and continuous. 

For (2) =>■ (1), we assume that qSpec(iZ) is connected. If gSpec(M) is discon- 
nected, then gSpec(M) must contain a non-empty proper subset Y that is both 
open and closed. Accordingly, ip(Y) is a non-empty subset of gSpec(-R) that is 
both open and closed by Proposition ^. 21 To complete the proof, it suffices to show 
that ip(Y) is a proper subset of gSpec(-R) so that gSpec(-R) will be disconnected. 

Since Y is open, Y = gSpec(M) - D M (N) for some N < M whence ip(Y) = 
qSpec(R}-D R ((N : M)) by Proposition again. Therefore, if ip(Y) = gSpec(iJ), 
then D R ((N : M)) = 0, and so (N : M) = R, i.e., N = M. It follows that Y = 
qSpec(M)-D M (N) = gSpec(M) -D M (M) = gSpec(Af) which is impossible. Thus 
ifj(Y) is a proper subset of gSpec(i?). 

For (2) (3), it is enough for us to show that gSpec(i?) is disconnected if and 
only if R has an idempotent e ^ 0,1. Suppose that e ^ 0, 1 is an idempotent in 
R. Hence R = Re ® R(l - e). It follows that qSpec(R) = (qSpec(R) \ D R (Re)) U 
(gSpec(i?)\L> fl (i?(l-e))) and = (qSpec{R)\D R iRe))n(qSpec(R)\D R {R{l-e))). 
This implies that gSpec(i?) is disconnected. Now, we assume that gSpec(i?) is 
disconnected. Thus qSpec(R) — D R (I) U D R (J) where I and J are two ideals of 
R. We have that gSpec(i?) = D R (I n J) and so, I n J C 3(gSpec(i?)). Also, 
= D R (I) n D R (J) = D R (I + J). This implies that I + J = R. There exist a € I 
and b G J such that a + 6 = 1. On the other hand, 

a6 G I J C / n J C 3(gSpec(i?)) C ^/(O). 

So, (a&)" = for some neN. We have 1 = (a + 6) n = a" + 6 n + abx where x E R. 
Since ate G \/ (0) C Rad(i?), a n + b n is a unit in i?. Let u be the inverse of a n + b n . 
Note that ua n b n = 0. Thus 

ua n = ua n (u(a n + b 71 )) = uV n + u 2 a n b n = (ua Tl ) 2 . 

Similarly, wo" = (uo") 2 . If ua" = 0, then a" = 0, and so 1 = 6(6™- 1 + ax) G J 
which is contradiction because D R ( J) ^ 0. Consequently, ita" and mo™ are nonzero. 
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On the other hand, if ua n = ub n = 1, then 1 = u(a n + b n ) = ua n + ub n = 1 + 1, 
which is contradiction. We conclude that either ua n or ub n is idempotent. □ 

Proposition 3.4. Let M be an R-module, Y C gSpec(M) and let L £ qSpeCj(M). 

(1) D(S(Y)) = Cl(Y). In particular Cl({L}) = D(L); 

(2) Let M be a semiprimitive (resp. reduced) R-module and Max(M) (resp. 
Spec(M) ) be a non-empty connected subspace of qSpec(M) . Then qSpec(M) 
is connected; 

(3) lf(0)£ Y, Then Y is dense m qSpec(M). 

(4) The set {L} is closed in gSpec(M) if and only if 

(a) I is a maximal element in {(N : M)\N £ gSpec(Af)} ; and 

(b) gSpe Cj (M) - {L}. 

(5) If {L} is closed in qSpec(M), then L is a maximal element of qSpec(M) 
and qSpeCj(M) — {L}. 

(6) M is quasi-prime- embedding if and only if qSpec(M) is a T^-space. 

(7) <7Spec(M) is a T\-space if and only if qSpec(M) is a T^-space and for every 
element L £ gSpec(M) 7 (L : M) is a maximal element in {(N : M) \ N £ 
gSpec(M)}. 

(8) If qSpec(M) is a T\-space, then qSpec(Af) is a Tg-space and every quasi- 
prime submodule is a maximal element of qSpec(M) . The converse is also 
true, when M is finitely generated. 

(9) Let (0) £ qSpec(M). Then qSpec(M) is a T\-space if and only if (0) is the 
only quasi-prime submodule of M . 

Proof. (1) Clearly, Y C D(S(Y)). Next, let D(N) be any closed subset of 
qSpec(Af) containing Y. Then (L : M) D (N : M) for every L £ Y so 
that (9f(F) : M) D (N : M). Hence, for every Q £ D{^{Y)), (Q : M) D 
(9f(Y) : M) 2 (N : M), namely D(S(Y)) C D{N). This proves that 
D(^s(Y)) is the smallest closed subset of gSpec(M) containing Y, hence 
£>(3(Y)) = Cl(Y). 

(2) Let M be reduced. Then by (1), we have C7(Spec(M)) = £>( 5(Spec(A f ))) = 
D(0) = qSpec(M). Therefore, gSpec(M) is connected by }Mun99| p.150, 
Theorem 23.4]. A similar proof is true for semiprimitive modules. 

(3) is clear by (1). 

(4) Suppose that {L} is closed. Then {L} = D(L) by (1). Let N £ qSpec(M) 
such that (L : M) C (N : M). Hence, N £ D(L) = {L}, and so 
qSpecj(AI) = {L}, where I = (L : M). On the other hand we assume 
that (a) and (b) hold. Let N £ Cl{{L}). Hence, (N : M) D (L : M) 
by (1). By (a), (N : M) = (L : M). So, L — N by (b). This yields 
Cl({L}) = {L}. 

(5) Let P £ qSpec(M) such that L C P. Then (L : M) C (P : M). i.e., 
P £ D{L) = Cl({L}) = {L}. Hence, P — L, and so L is a maximal 
element of qSpec(M). 

(6) We recall that a topological space is To if and only if the closures of dis- 
tinct points are distinct. Now, the result follows from part (1) and Propo- 
sition E21 

(7) We recall that a topological space is T\ if and only if every singleton subset 
is closed. The result follows from (4), (5) and (6). 



QUASI-PRIME SUBMODULES AND 



15 



(8) Trivially, gSpec(M) is a Tb-space and every it's singleton subset is closed. 
Every quasi-prime submodule is a maximal element of gSpec(M) by (5). 
Now, we suppose that M is finitely generated. Thus, every quasi-prime 
submodule is maximal. Let N <E gSpec(M) such that N <E Cl({L}) = D(L). 
Since L is maximal, (L : M) = (N : M). By Proposition [27251 N = L. 
Hence, every singleton subset of qSpec(M) is closed. So, qSpec(M) is a 
Ti -space. 

(9) Use part (8). 

□ 

Example 3.5. Consider the Z-module M — (J) p Z/pZ, where p runs through the 
set of all prime integers. We will show that gSpec(M) is not a Ti-space. Note that 
(0 : M) = Ann(Af) = (0). Hence, (0) € gSpec(M). On the other hand, for each 
quasi-prime ideal I of Z, we have (IM : M) = \fl e qSpec(Z). So, qSpec(M) is 
infinite and qSpec(M) is not a Ti-space by Proposition 13.41 

Remark 3.6. Let M be a finitely generated (or co-semisimple) i?-module. Since 
every quasi-prime submodule is contained in a maximal submodule, gSpec(M) is 
a Ti-space if and only if gSpec(M) is a T -space and qSpec(M) = Max(M). Since 
qSpec(R) is always a T -space (see |Azi08[ Theorem 4.1]), we have qSpec(R) is 
a Ti-space if and only if qSpec(R) — Max(i?). If R is absolutely flat, then by 
|Azi081 Theorem 2.1], qSpec(R) = Spec(i?) = Max(i?). Therefore, gSpec(i?) is a 
Ti-space. It is clear that if M is free, then gSpec(M) is a Ti-space if and only if M 
is isomorphic to R and qSpec(R) is a Ti-space. 

Theorem 3.7. Let M be a finitely generated R-module. The following statements 
are equivalent 

(1) qSpec(M) is a T\-space. 

(2) M is a multiplication module and qSpec(M) = Max(Af). 

Proof. Use Corollary 12.231 Remark 13.61 and Proposition I3.4f 6) . □ 

Corollary 3.8. Let M be an R-module. 

(1) Let R be an integral domain. If qSpec(R) is a T\-space, then R is a field. 

(2) If M is Noetherian and gSpec(Af) is a T\-space, then M is Artinian cyclic. 

Proof. (1) By Remark EH we have qSpec(R) = Max(R). But (0) £ qSpec{R) by 
assumption. Hence, R is a field. (2) By Theorem l3.7[ M is multiplication and every 
prime submodule of M is maximal. By |Beh061 Theorem 4.9], M is Artinian. The 
result follows from [EBS881 Corollary 2.9]. □ 

A topological space X is said to be irreducible if X ^ and if every pair of non- 
empty open sets in X intersect, or equivalently if every non-empty open set is dense 
in A. A topological space X is irreducible if for any decomposition X = A\ U 
with closed subsets Ai of X with i = 1,2, we have A\ = X or A2 = X. A subset Y 
of X is irreducible if it is irreducible as a subspace of X. An irreducible component 
of a topological space A is a maximal irreducible subset of X. 

Both of a singleton subset and its closure in qSpec(M) are irreducible. Now, 
applying (1) of Proposition 13.41 we obtain that 

Corollary 3.9. D{L) is an irreducible closed subset of gSpec(M) for every quasi- 
prime submodule L of M . 
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Theorem 3.10. Let M be an R-module and Y C qSpec(M). Then 3(F) is a 
quasi-prime submodule of M if and only if Y is an irreducible space. 

Proof. Let 3(F) be a quasi-prime submodule of M. Let Y C Y\ U Y% where Y\ and 
Y2 are two closed subsets of X. Then there are submodules N and L of M such 
that Yi = D{N) and Y 2 = D(L). Hence, Y C D(jV) U D(£) = D(JV n L). By 
Lemma I3TT1 ((iVni) : M) C (3(F) : M). Since (3(F) : M) is a quasi-prime ideal, 
either (N : M) C (3(F) : M) or (L : M) C (3(F) : M). By Lemma EU either 
F C D(iV) = Yi or Y C £>(£) = F 2 . This yields F is irreducible. 

Assume that F is an irreducible space. Let / and J be two ideals of R such 
that I n J C (3(F) : M). Suppose for contradiction that / % (3(F) : M) and 
J ^ (3(F) : M). Then (JM : M) 2 (3(F) : M) and (JM : M) 2 (^(^) = M). 
By LemmaO F ^ D(IM), Y % D{JM). Let P e Y. Then (P : M) D (Q?(F) : 
M) D I n J. This means that either JM C (P : M)M or JM C (P : M)M. 
So, by Lemma EU either D(P) C D(/M) or D(P) C D(JM). Therefore, F C 
D(IM) U D(JM) which is a contradiction to irreducibility of F. □ 

Example 3.11. Consider M = Z/pZ©Z as a Z-module, where p is a prime integer. 
It is easy to see that L = Z/pZ© (0) and N = (0) ©pZ are prime submodules of M. 
We have 3(gSpec(M)) CLnJV= (0). Hence, (S( g Spec(M)) : M) = ((0) : M) = 
(0) is a quasi-prime ideal of Z. This implies that 3(qSpec(M)) is a quasi-prime 
submodule of M. By Theorem 13. 101 gSpec(M) is an irreducible space. 

Corollary 3.12. Let M be an R-module and N < M. 

(1) V M (N) is irreducible if and only if rad(N) is a quasi-prime submodule. 

(2) If N is a p-primary submodule of M where p G Max(P) ; then V M (N) is 
irreducible. 

(3) Let R be a quasi-local rinq. Then Max(M) is irreducible. 

(4) The quasi-prime spectrum of every faithful reduced module over an integral 
domain is irreducible. 

Proof. (1) Since rad(iV) = ^s(V M (N)), result follows immediately from Theo- 
rem l3.10l (2) Use part (fTJ) and Lu03, Corollary 5.7]. (3) Let m be the unique maxi- 
mal ideal of R. By |Lu841 p. 63, Proposition 4], (H : M) = m for each H € Max(M). 
By Lemma |2~4T 2). HiTeMaxfAf) H = ^(Max(M)) is a quasi-prime submodule. By 
Theorem l3~T0l Max(M) is irreducible. (4) Since M is reduced, (3(gSpec(Af )) : 
M) C (3(Spec(M)) : M) = (f) P es P cc(M) P ■ M ) = C(°) : M ) = (°) e Spec(P). 
The result follows from Theorem 13. 101 □ 

Example 3.13. (1) Let M = Z © Z(p°°) be a Z-module. Then by Theo- 
rem 13.101 Spec(M) is an irreducible space because 9(Spec(M)) = (0) © 
Z(p°°) is a prime submodule of M. 
(2) Let M = Q © Z/pZ be a Z-module. By Theorem l3~T0l Max(M) is an 
irreducible subset of qSpec(M) because Rad(M) = Q © (0). 

Corollary 3.14. Let M be an R-module such that (0) £ qSpec(M). ThenqSpec(M) 
is an irreducible space. In particular, if R is an inteqral domain and M is a torsion- 
free R-module, then gSpec(M) is an irreducible space. Moreover, gSpcc(P) is an 
irreducible space, if R is an inteqral domain. 



Proof. Use Theorem 13. 101 and [Lu03, Lemma 4.5]. 



□ 
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Example 3.15. Consider the faithful Z-module M = (J) p Z/pZ, where p runs 
through the set of all prime integers. Then by Corollary 13. 141 Spec(M) is an 
irreducible space. 

Let Y be a closed subset of a topological space. An element y e Y is called a 
generic point of Y if Y = Cl({y}). In Proposition 13.41 (1), we have seen that every 
element L of qSpec(M) is a generic point of the irreducible closed subset D(L) of 
gSpec(M). Note that a generic point of a closed subset Y of a topological space is 
unique if the topological space is a Xo-space. 

Theorem 3.16. Let M be an R-module and Y C <7Spcc(M). 

(1) Then Y is an irreducible closed subset of gSpec(M) if and only if Y = 
D M (L) for some L G gSpec(Af). T/iws every irreducible closed subset of 
qSpec(M) has a generic point. 

(2) If M is quasi-prime- embedding, then the correspondence D M (L) i-> L is a 
bijection of the set of irreducible components of qSpec(M) onto the set of 
minimal elements of qSpec(M) with respect to inclusion. 

(3) Let M be a quasi-primeful R-module. Then the set of all irreducible com- 
ponents of gSpec(M) is of the form 

T = {D M (IM) | I is a minimal element of D R (km\(M)) w.r.t inclusion}. 

(4) Let R be an arithmetical Laskerian ring and M be a nonzero quasi-primeful 
R-module. Then qSpec(M) has finitely many irreducible components. 

Proof. (1) It is clear Y = D(L) is an irreducible closed subset of qSpec(M) 
for any L G qSpec(M) by Corollary 13.91 Conversely, if Y is an irreducible 
closed subset of qSpec(M), then Y = D(N) for some N < M and L :— 
3f(Y) = S(D(N)) G gSpec(M) by Theorem ETTOl Hence, Y = D(N) = 
D($(D(N))) = D(L) as desired. 

(2) Let Y be an irreducible component of qSpec(M). Since each irreducible 
component of gSpec(M) is a maximal element of the set {D(N) | N G 
gSpec(M)} by (1), we have Y = D{L) for some L G gSpec(M). Obviously, 
L is a minimal element of qSpec(M), for if T G qSpec(M) with T C L, 
then D(L) C D(T). So L = T due to the maximality of D(L) and Propo- 
sition HIH Let L be a minimal element of qSpec(M) with D(£) C D{N) 
for some G qSpec(M). Then L G D(iV) whence (JV : M)M C L. By 
Lemma [2~4l (iV : M)M belongs to qSpec(M). Hence, L = (N : M)M due 
to the minimality of L. By Lemma GEU D(N) = D((N : M)M) = D(L). 
This implies that D{L) is an irreducible component of gSpec(M), as desired. 

(3) Let Y be an irreducible component of qSpec(M). By part (1), Y = D M (L) 
for some L G gSpec(M). Hence, Y = D M (L) = D M ((£ : M)M) by 
Lemma EH) So, we have I := (L : M) G £> i? (Ann(M)). We must show 
that Z is a minimal element of D R (Ann(M)) w.r.t inclusion. To see this 
let q G D fl (Ann(Af)) and g C 1. Then g/Ann(M) € <jSpec(i?/Ann(M)), 
and there exists an element Q G gSpec(M) such that (Q : M) = q be- 
cause M is quasi-primeful. So, Y = D M (L) C D M (Q). Hence, F = 
£> M (i) = D M (Q) due to the maximality of D M (L). By Proposition [331 
we have that Z = q. Conversely, let Y" G T. Then there exists a minimal 
element I in L» fl (Ann(M)) such that Y = D M (IM). Since M is quasi- 
primeful, there exists an element N G qSpec(Af) such that (N : M) = I. 
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So, Y = D M (IM) = D AI ((N : M)M) = D M (N), and so Y is irreducible 
by part (1). Suppose that Y = D M (N) C D M (Q), where Q is an ele- 
ment of gSpec(M). Since N £ D M (Q) and I is minimal, it follows that 
(N : M) = (Q : M). Now, by Lemma O 

Y = D M (N) = D M ((N : M)M) = D M ((Q : M)M) = D M (Q). 

(4) By assumption, the set of quasi-prime ideals are exactly the set of primary 
ideals (see Remark I2.2[) . If / is a minimal element of D R (hxm(M)) and 
Ann (A/) = H" =1 Qi is a minimal primary decomposition of Ann(M), then 
Qi C / for some 1 < i < n(Since / is quasi-prime and <~}™ =1 Qi C J). 
By minimality of J, we get I — Qi. Therefore, irreducible components of 
gSpec(M) are the form D M (Q t M), by part (3). 

□ 

We introduce a base for the developed Zariski topology on gSpec(Af) for any 
.R-module M. For each a £ R, we define Tj^(a) = qSpec(M) — D(aM). Then every 
T M (a) is an open set of gSpec(Af), T M (0) = 0, and T M (1) = gSpec(M). 

Proposition 3.17. For any R-module M , the set B = {Tm{o>) | a £ R} forms a 
base for the developed Zariski topology on gSpec(A/). 

Proof. We may assume that qSpec(M) ^ 0. Let U be any open subset in gSpec(M). 
There exists a submodule N of M such that 

U = c?Spec(M) - D(N) = gSpec(Af) - D((N : M)M) 

= qSpec(M)-D( ^ a,M) 

<liE(N:M) 

= qSpec(M)-D{ ^ {a t M : M)M) 

ai£(N:M) 

= c?Spec(M)- f] D(a t M) 

aie(N-.M) 

= [J r M (a,). 

aie(N-.M) 

a 

Proposition 3.18. Let M be an R-module, a£ R andip : gSpec(M) — !• gSpec(i?/Ann(M)) 
be the natural map of qSpec(M). 

(1) ^- 1 (T n (a)) = v M (a) ; 

(2) f/i(rjif(a)) Q Tji(a). If M is quasi-primeful, then ^(r^fa)) = T^(a); 

(3) // M is quasi-primeful, then gSpec(Af) is a compact space. 

(4) // M is finitely generated multiplication, then gSpec(M) is compact. 

Proof. (1) By Proposition 13.21 we have 

i'-^T^d)) = ip -1 (qSpec(R) — D(aR)) 

= qSpec{M)-^- 1 (D(aR)) 

= gSpec(Af) - D{aM) = T M (a). 

(2) This follows from (1). 
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(3) By Proposition 13.171 the set B = {Tm(o) | a e R} is a base for the 
developed Zariski topology on gSpec(M). For any open cover of gSpec(M), 
there is a family {ax e R\\ e A} of elements of R such that gSpec(M) = 
UxeA^ AI ( ax ) an< ^ ^ or eacn AeA, there is an open set in the covering 
containing Tm((1\)- By part (2), 

gSpec(i?) = r fi (l) 

= V^r M (i)) 

= ^(«Spec(M)) C |J 1>(T M (ax)) 
AeA 

AeA 

By |Azi08[ Theorem 4.1], gSpec(-R) is compact, hence there exists a finite 
subset A' of A such that gSpec(-R) C U A6A/ T^ax). By part (1), 

gSpec(M) = T M (1) 

= ^- X (r«(i)) 

= V _1 («Spec(H)) C |J ^-\T R (ax)) 
AeA' 

= |J T M (ax). 

AeA' 

(4) Let {D M (Nx)}\^A be an arbitrary family of closed subsets of gSpec(M), 
where N x < M for each AeA such that f)x e A DM ( N \) = 0- Hence, we 
have£> M (X; AgA (Ar A : M)M) = 0. Since M is multiplication, ^(EagaC^ 
M)M) = 0, so M = E AeA (iVA : M)M. Since M is finitely generated, there 
exists a finite subset A' of A such that M = J2\eA'(N\ : M)M. This com- 
pletes the proof. 

□ 

A topological space X is said to be Noetherian if the open subsets of X satisfy the 
ascending chain condition. Since closed subsets are complements of open subsets, it 
comes to the same thing to say that the closed subsets of X satisfy the descending 
chain condition. 

Theorem 3.19. Let M ba an R-module. 

(1) If M satisfies ACC on quasi- semiprime submodules, then qSpec(Af ) is a 
Noetherian topological space. In particular, quasi-prime spectrum of ev- 
ery Noetherian module is a Noetherian topological space (see [Azi08, Theo- 
rem 4.2]/ 

(2) If for every submodule N of M there exists a finitely generated submodule 
L of N such that ^(Q M {N)) = 3(fi M (L)), then gSpec(M) is a Noetherian 
topological space. 

(3) If R satisfies ACC on quasi- semiprime ideals, then qSj>ec(M) is a Noether- 
ian topological space. In particular, for every module M over a Noetherian 
ring, qSpec(M) is a Noetherian topological space. 

Proof. (1) Let D(N±) D D(N2) 2 ••■ be a descending chain of closed subsets 
of qSpec(M). We have an ascending chain of quasi-semiprime submodules 
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of M, $s(D(Ni)) C Q(D(N2)) C ••• which is stationary by assumption. 
So, there exists a positive integer k such that < is(D(N k )) — ^s(D(Nk+i)), 
for each i = 1,2, ... . By Proposition S3 D(N k ) = D(N k+i ), and so 
gSpec(M) is a Noetherian topological space. 

(2) Let Ni C iV2 C A^3 C • • • be an ascending chain of quasi-semiprime sub- 
modules of M, and let N = UjiVj. By assumption, there exists a finitely 
generated submodule L of N such that HpeijA-f (tv) P — C\Q£a M (L) Q- Hence 
there exists a positive integer n such that L C 7V„. Then 

n p = n q^^^nc p| p, 

Pen M (N) Qen M (L) Pen M (N) 

so that iV„ = 7V n+ i = A, l+2 = • • • . Hence, M satisfies ACC on quasi- 
semiprime submodules. By (1), gSpec(M) is a Noetherian topological 
space. 

(3) Let D(Ni) D D(A^) 2 • • ■ be a descending chain of closed subsets of 
gSpec(M). By assumption, there exists a positive integer k such that 
(Ss(D(N k )) : M)M = (%(D(N k+i )) : M)M, for each i = 1,2,... . By 
LemmaO D(^(D(N k ))) = D(3(D(N k+i ))). By Proposition^ D{N k ) = 
D(N k+i ), and so <;Spec(M) is a Noetherian space. 

□ 

Remark 3.20. Let X be a Noetherian topological space. Then every subspace of 
X is compact. In particular, X is compact (sec AM69, p. 79, Ex. 5]). 

As a consequence of Remark 13.201 we have 

Corollary 3.21. For an R-module M, gSpec(M) is a compact space in each of the 
following cases. 

(1) M satisfies ACC on quasi-semiprime submodules; 

(2) R satisfies ACC on quasi-semiprime ideals. 

For example, quasi-prime spectrum of every Z-modulc is compact space. 

Proposition 3.22. Let M be a quasi-prime- embedding R-module. If qSpec(M) is 
a Noetherian space, then 

(1) Every ascending chain of quasi-prime submodules of M is stationary; 

(2) gSpec(M) has finitely many minimal element. In particular, every multi- 
plication module over a Noetherian ring has finitely many minimal quasi- 
prime submodules. 

Proof. (1) Let Ni C N2 C • • • be an ascending chain of quasi-prime submodules 
of M. Then D(N±) 2 D^Nz) 2 • • • is a descending chain of closed subsets of 
gSpec(M), which is stationary by assumption. There exists an integer k € N such 
that D(N k ) = D{N k+i ) for each i G N. By Proposition [2T221 we have N k = N k+l 
for each ieN. This completes the proof. (2) Since every Noetherian topological 
space has finitely many irreducible components, the result follows from Theorem 
I3.16f 2). For last statement, use Corollary 12.231 and Theorem 13. 191 □ 

We recall that if X is a finite space, then X is a T± if and only if X is the discrete 
space. We also recall that a topological space is called Hausdorff if any two distinct 
points possess disjoint neighborhoods. So, we have the following corollary. 
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Corollary 3.23. Let R be a Noetherian ring and M be a finitely generated R- 
module. Then the following statements are equivalent: 

(1) qSpec(Af) is a Hausdorff space; 

(2) qSpec(M) is a T\-space; 

(3) qSpec(M) is a discrete space; 

(4) M is a multiplication module and qSpec(M) = Max(Af). 

Proof. (1) (2) and (3) => (1) are clear. (2) ^ (4) follows form Theorem O 
(2) =>■ (3) By Proposition 13.221 M has finitely many minimal quasi-prime sub- 
modules. By Theorem 13.71 gSpec(M) is finite. Therefore, gSpec(M) is a discrete 
space. □ 
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